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Abstract
Building Machines that Imagine and Reason:
Principles and Applications of Deep Generative Models
Deep generative models provide a solution to the problem of unsupervised learning, in which a machine
learning system is required to discover the structure hidden within unlabelled data streams. Because they are
generative, such models can form a rich imagery the world in which they are used: an imagination that can
harnessed to explore variations in data, to reason about the structure and behaviour of the world, and
ultimately, for decision-making. This tutorial looks at how we can build machine learning systems with a
capacity for imagination using deep generative models, the types of probabilistic reasoning that they make
possible, and the ways in which they can be used for decision making and acting.
Deep generative models have widespread applications including those in density estimation, image denoising
and in-painting, data compression, scene understanding, representation learning, 3D scene construction, semisupervised classification, and hierarchical control, amongst many others. After exploring these applications,
we'll sketch a landscape of generative models, drawing-out three groups of models: fully-observed models,
transformation models, and latent variable models. Different models require different principles for inference
and we'll explore the different options available. Different combinations of model and inference give rise to
different algorithms, including auto-regressive distribution estimators, variational auto-encoders, and
generative adversarial networks. Although we will emphasise deep generative models, and the latent-variable
class in particular, the intention of the tutorial is to explore the general principles, tools and tricks that can be
used throughout machine learning. These reusable topics include Bayesian deep learning, variational
approximations, memoryless and amortised inference, and stochastic gradient estimation. We'll end by
highlighting the topics that were not discussed, and imagine the future of generative models.
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Motivations for machine learning
Statistical and
mathematical
foundations

New era of scientific
discovery

Disrupt and create
new markets

Quest to
solve intelligence

What components form the ideal machine learning system?
Machines that Imagine and Reason

3

Why Generative Models
Move beyond associating
inputs to outputs

Recognise objects in the world
and their factors of variation
Establish concepts as
useful for reasoning and
decision making

Understand and imagine
how the world evolves
Detect surprising
events in the world
Imagine and
generate rich plans
for the future

Part of a suite of complementary learning systems
Machines that Imagine and Reason
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f✓ (·)

Functions are deep networks
Fully-connected, convolutional, recurrent
Some Themes
Design of probabilistic models
Bayesian Deep Learning
Memoryless and Amortised Inference
Stochastic Optimisation
Reasoning and Control
In some way, will involve the
problem of density estimation.
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Landscape of
Generative Models

Part I

Part IV

Tools for
Algorithm Building

Birds eye view of the
current state of the art.

Part II

A Model for
Every Occasion

xi
xk

Explore three classes of generative
models, their inductive biases, and
implications for learning and
algorithm design.

f(x)

xj

Inference and
Learning

Part III

x̃

Constructing scalable
algorithms
• Stochastic approximation
• Amortised inference
• Stochastic optimisation

x̂

Principles and approximations
that can be used to drive learning
in diﬀerent types of models.
• Bayesian two-sample tests
• Marginal likelihood estimation

Machines that Imagine and Reason

Part V
z

z ~ q(z | y)

Decoder
p(y |z)

Encoder
q(z |y)

y ~ p(y | z)
Data y

Part VI

The Case of
Variational Autoencoders
Explore diﬀerent types of VAEs
• Discrete and continuous
latent variables.
• Static, sequential, volumetric.
• Diﬀerentiable and nondiﬀerentiable fns.

Summary
Mention of things not
discussed and wrap-up
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Part I

Landscape of
Generative Models
Diversity of Applications and Progress

Data imputation | In-painting | Denoising

Machines that Imagine and Reason
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xiliary Deep Generative Models

Semi-supervised Classification
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up2 , batch normalization and 1 Monte Carlo and IW sample
for training.
 log p(x)
VAE+NF, L=1 (R EZENDE AND M OHAMED , 2015)
IWAE, L=1, IW=1 (B URDA ET AL ., 2015)
IWAE, L=1, IW=50 (B URDA ET AL ., 2015)
IWAE, L=2, IW=1 (B URDA ET AL ., 2015)
IWAE, L=2, IW=50 (B URDA ET AL ., 2015)
VAE+VGP, L=2 (T RAN ET AL ., 2015)
LVAE, L=5, IW=1 (S ØNDERBY ET AL ., 2016)
LVAE, L=5, FT, IW=10 (S ØNDERBY ET AL ., 2016)
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Table 1. Unsupervised test log-likelihood on permutation invariant MNIST for the normalizing flows VAE (VAE+NF), importance weighted auto-encoder (IWAE), variational Gaussian process VAE (VAE+VGP) and Ladder VAE (LVAE) with FT denoting the finetuning procedure from Sønderby et al. (2016), IW the
importance weighted samples during training, and L the number
of stochastic latent layers z1 , .., zL .

We evaluate the negative log-likelihood for the 1 and 2 layered AVAE. We found that warm-up was crucial for activation of the auxiliary variables. Table 1 shows log-likelihood
scores for the permutation invariant MNIST dataset. The
methods are not directly comparable, except for the Ladder VAE (LVAE) (Sønderby et al., 2016), since the training is performed differently. However, they give a good
indication on the expressive power of the auxiliary variable model. The AVAE is performing better than the VAE
with normalizing flows (Rezende and Mohamed, 2015) and
the importance weighted auto-encoder with 1 IW sample
(Burda et al., 2015). The results are also comparable to the
Ladder VAE with 5 latent layers (Sønderby et al., 2016)
and variational Gaussian process VAE (Tran et al., 2015).
As shown in Burda et al. (2015) and Sønderby et al. (2016)
increasing the IW samples and annealing the learning rate
will likely increase the log-likelihood.
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Semi-supervised learning on two half-moons
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exemplify the power of the ADGM for semiervised learning we have generated a 2D synthetic
set consisting of two half-moons (top and bot), where (xtop , ytop ) = (cos([0, ⇡]), sin([0, ⇡])) and
cos([0, ⇡]), 1 sin([0, ⇡]) 0.5),
ttom , ybottom ) = (1
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ofReason
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Temperature on the KL-divergence going from 0 to 1 within
the first 200 epochs of training.

up2 , batch normalization and 1 Monte Carlo and IW sample
for training.
 log p(x)
VAE+NF, L=1 (R EZENDE AND M OHAMED , 2015)
IWAE, L=1, IW=1 (B URDA ET AL ., 2015)
IWAE, L=1, IW=50 (B URDA ET AL ., 2015)
IWAE, L=2, IW=1 (B URDA ET AL ., 2015)
IWAE, L=2, IW=50 (B URDA ET AL ., 2015)
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Communication and Compression
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3D Scene Generation

Machines that Imagine and Reason
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Rapid Scene Understanding

Attend, Infer, Repeat: Fast Scene Understanding with G

(b) Recon.

(a) Data

d, Infer, Repeat: Fast Scene Understanding with Generative Models

Figure 11. 3D scenes: AIR can learn to recover the counts, identities and
poses
of multiple objects
a 3D
table-top
scene. (a)with
Im- infer
Figure 12. 3D scenes details:
Left:
Ground-truth
objectinand
camera
positions
from the dataset. (b) Inference using AIR produces a scene
cup is closely aligned withages
ground-truth,
thus not clearly visible). We demonstrate fast i
description which we visualize using the specified renderer. AIR
AIRthe
framework.
AIRoccasionally
achieves significantly
lower
reconstruction
error than a
s to infer
identity and Middle:
pose
does
make mistakes,
e.g., image
5.
he dataset.
Reconstructions
much(b)
higher
count inference accuracy. Right: Heatmap of locations on the table in wh
rence The
madelearned
by an AIR
network
policy
appears to be more dependent on identity (bottom).
ision. (c) Reconstructions prothe task is only to infer the identity (cube, sphere, cylin• ground-truth
with
labels. Note
AIR Results
der) and pose (position and rotation) of the object present
and generative
ness
and accuracy
that of a fully supervised network
o their
symmetry.
(d) Recon-with in
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ingradient
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One-shot Generalisation
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Environment Simulation

Action-dependent simulator
Machines that Imagine and Reason

Truth from Emulator
14

Representation Learning for Control

)

Machines that Imagine and Reason

15

Original

Score

Moving Up

Oxygen/Swimmers

Score/Lives

Moving Left

Visual Concept Learning

Machines that Imagine and Reason
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Density-based Exploration

No bonus

With bonus

ure 4: “Known world” of a DQN agent trained for 50 million frames with (bottom) and with
17
that Imagine
and Reasonbonuses, in M ONTEZUMA’ S R EVENGE .
p)Machines
count-based
exploration

# actions

Macro-actions and Planning

time

Machines that Imagine and Reason
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Successful Applications of Generative Models
Compression and
Communication

Environment
Simulation

3D Scene
Generation

One-shot
Generalisation
Macro-actions
and Planning

Auxiliary Deep Generative Models

Generative
Models

Semi-supervised
Classification

Density-based
Exploration

(a)
(d)
(b)
(c)
(a) True posterior of the prior p(z). (b) The approximation q (z|a)q (a) of the ADGM. (c) Prediction on the half-moon data
10 epochs with only 3 labeled data points (black) for each class. (d) PCA plot on the 1st and 2nd principal component of the
ding auxiliary latent space.

i-supervised learning on two half-moons

mplify the power of the ADGM for semied learning we have generated a 2D synthetic
consisting of two half-moons (top and bothere (xtop , ytop ) = (cos([0, ⇡]), sin([0, ⇡])) and
ybottom ) = (1 cos([0, ⇡]), 1 sin([0, ⇡]) 0.5),
ed Gaussian noise. The training set contains 1e4
divided into batches of 100 with 3 labeled data
each class and the test set contains 1e4 samples.
emi-supervised model will be able to learn the data
d for each of the half-moons and use this together
limited labeled information to build the classifier.

up2 , batch normalization and 1 Monte Carlo and IW sample
for training.

Visual Concept
Learning

GM converges close to 0% classification error in 10
cf. Fig. 2c), which is much faster than an equivdel without the auxiliary variable that converges
than 100 epochs. When investigating the auxiliary
we see that it finds a discriminating internal repreof the data manifold and thereby aids the classifier
2d).

erative log-likelihood performance

 log p(x)

VAE+NF, L=1 (R EZENDE AND M OHAMED , 2015)
IWAE, L=1, IW=1 (B URDA ET AL ., 2015)
IWAE, L=1, IW=50 (B URDA ET AL ., 2015)
IWAE, L=2, IW=1 (B URDA ET AL ., 2015)
IWAE, L=2, IW=50 (B URDA ET AL ., 2015)
VAE+VGP, L=2 (T RAN ET AL ., 2015)
LVAE, L=5, IW=1 (S ØNDERBY ET AL ., 2016)
LVAE, L=5, FT, IW=10 (S ØNDERBY ET AL ., 2016)

85.10
86.76
84.78
85.33
82.90
81.90
82.12
81.74

AUXILIARY VAE (AVAE), L=1, IW=1
AUXILIARY VAE (AVAE), L=2, IW=1

84.59
82.97

Representation
Learning

Table 1. Unsupervised test log-likelihood on permutation invariant MNIST for the normalizing flows VAE (VAE+NF), importance weighted auto-encoder (IWAE), variational Gaussian process VAE (VAE+VGP) and Ladder VAE (LVAE) with FT denoting the finetuning procedure from Sønderby et al. (2016), IW the
importance weighted samples during training, and L the number
of stochastic latent layers z1 , .., zL .

We evaluate the negative log-likelihood for the 1 and 2 lay-

ered AVAE.
We found that warm-up was crucial for activathatofImagine
Reason
uate Machines
the generative performance
the unsuper- and
tion of the auxiliary variables. Table 1 shows log-likelihood

Scene
Understanding

Missing Data
Imputation
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Progress in Generative Models

Neg log-likelihood
(nats)

MNIST
137.6
106

Omniglot

Machines that Imagine and Reason

Neg Log-likelihood
(nats)

Mixture of Factor
Bernoullis Analysis

91.3

Wake
Sleep

88.3
NADE

86.3
RBM

106

103

100

FC-VAE

FCIWAE

RBM

85
FC-VAE

91
ConvDRAW
20

83.5
HVI
-CVAE

80.5

79.2

ConvDRAW

Pixel
RNN

Progress in Generative Models
Under review as a conference paper at ICLR 2016

ImageNet

Visual Quality of Independent Samples

Conceptual Compression

VAE

DRAW

Machines that Imagine and Reason

ConvDRAW

Conv. Generative
Adversarial Network
21

Pixel
RNN

Machine Learning Framework

3. Algorithms

1. Models

Machines that Imagine and Reason

2. Learning
Principles
22

Types of Generative Models
xi
xk

f(x)

xj

Fully-observed
models
Model observed data directly
without introducing any new
unobserved local variables.

z

x
z

Machines that Imagine and Reason

Model data as a transformation
f(z)
of an unobserved noise source
using a parameterised function.

Latent variable models
f(z)

Models

Transformation
models

x

Introduce an unobserved
random variable for every observed
data point to explain hidden causes.

23

Smorgasbord of Learning Principles
For a given model, there are
many competing inference methods.
✦
✦
✦
✦
✦
✦
✦
✦
✦
✦
✦

Learning
Principles

✦

Machines that Imagine and Reason

Exact methods (conjugacy, enumeration)
Numerical integration (Quadrature)
Generalised method of moments
Maximum likelihood (ML)
Maximum a posteriori (MAP)
Laplace approximation
Integrated nested Laplace approximations (INLA)
Expectation Maximisation (EM)
Monte Carlo methods (MCMC, SMC, ABC)
Noise contrastive estimation (NCE)
Cavity Methods (EP)
Variational methods
24

Combining Models and Inference

A given model and learning principle can be implemented in many ways.
Convolutional neural network
+ penalised maximum likelihood
• Optimisation methods (SGD, Adagrad)
• Regularisation (L1, L2, batchnorm, dropout)

Latent variable model
+ variational inference

z
f(z)

x

•
•
•
•

VEM algorithm
Expectation propagation
Approximate message passing
Variational auto-encoders

Machines that Imagine and Reason

zi

xi

Restricted Boltzmann Machine
+ maximum likelihood

zj

xj

xk

•
•
•
•

Contrastive Divergence
Persistent Contrastive Divergence
Parallel Tempering
Natural gradients

25

Part II

xk

AxiModel for
Every Occasion
f(x)

xj
Explore three classes of generative
models, their inductive biases, and
implications for learning and
algorithm design.

Types of Generative Models
xi
xk

f(x)

Fully-observed
models

xj

z
f(z)

Transformation
models

x

z
f(z)

Latent variable
models

Design Dimensions
Data: binary, real-valued, nominal,
strings, images.
Dependency: independent, sequential,
temporal, spatial.
Representation: continuous or discrete
Dimension: parametric or non-parametric
Computational complexity
Modelling capacity
Bias, uncertainty, calibration
Interpretability

x

Machines that Imagine and Reason
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Fully-observed Models
Fully-observed models

xi
xk

f(x)

xj

Model observed data directly
without introducing any new
unobserved local variables.

xt
Markov Models

Model Parameters are
global variables.

xt+1

xt+2

Stochastic activations
& unobserved
random variables are
local variables.

xt+3 …

x1 ⇠ Cat(x1 |⇡)

x2 ⇠ Cat(x2 |⇡(x1 ))

...

xi ⇠ Cat(xi |⇡(x<n ))
Y
p(x) =
p(xi |f (x<i ; ✓))

All conditional probabilities
described by deep networks.

i

Machines that Imagine and Reason
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Fully-observed Models
Properties
+
+
+

-

Can directly encode how observed points are related.
Any data type can be used
For directed graphical models:
+ Parameter learning simple: Log-likelihood is directly computable, no
approximation needed.
+ Easy to scale-up to large models, many optimisation tools available.
- Order sensitive.
For undirected models,
- Parameter learning diﬃcult: Need to compute normalising constants.
Generation can be slow: iterate through elements sequentially, or using a
Markov chain.

White Whale

Hartebeest

Pixel CNN
Machines that Imagine and Reason
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Model-space Visualisation
Fully-observed models
Directed

xt

NADE, EoNADE
Fully-visible sigmoid
belief networks
Pixel CNN/RNN
RNN Language mod.
Context tree switching

xt+1

Discrete

Boltzmann Machines
Discrete Markov
Random Fields
Ising, Hopfield
and Potts Models

Normal Means
Continuous
Markov Models
N-AR(p)
RNADE

xt+2

xt+3

Continuous

…

Gaussian MRFs
Log-linear models

Undirected
Machines that Imagine and Reason
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Transformation Models
Change of variables for invertible functions
z ⇠ p(z)
μ

@f
p(x) = p(z) det
@z

1

Transformation models

z
f(z)

r✓

x

Under review as a conference paper at ICLR 2016

Transform an unobserved
noise source using a
parameterised function.

x = µ + Rz

Generator
Networks

R

z ⇠ N (0, I)
x = f (z; ✓)
The transformation function is parameterised by a linear or

Machines that Imagine and Reason

Figure 1: DCGAN generator used for LSUN scene modeling. A 100 dimensional uniform distribudeep network
(fully-connected,
convolutional
or many
recurrent).
tion Z is projected
to a small spatial
extent convolutional
representation with
feature maps.
A series of four fractionally-strided convolutions (in some recent papers, these are wrongly called
31
deconvolutions) then convert this high level representation into a 64 ⇥ 64 pixel image. Notably, no

Transformation Models
Under review as a conference paper at ICLR 2016

Properties
+
+
+
-

Easy sampling
Easy to compute expectations without knowing final distribution.
Can exploit with large-scale classifiers and convolutional networks.
Diﬃcult to satisfy constraints: Diﬃcult to maintain invertibility, and
challenging optimisation.
Lack of noise model (likelihood):
- Diﬃcult to extend to generic data types
- Diﬃcult to account for noise in observed data.
- Hard to compute marginalised
Figure 2: Generated bedrooms
after one trainingfor
pass through
the dataset.
Theoretically, the model
likelihood
model
scoring,
could learn to memorize training examples, but this is experimentally unlikely as we train with a
small learning rate and minibatch SGD. We are aware of no prior empirical evidence demonstrating
comparison and selection.
memorization with SGD and a small learning rate.
Bedrooms

Convolutional generative
adversarial network
Machines that Imagine and Reason
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Model-space Visualisation
Transformation models

z

Stochastic
Differential Equations
Hamiltonian and
Langevin SDE
Diffusion Models
Non- and volume
preserving flows

f(z)

Diffusions
Continuous time

One-liners and
inverse sampling
Distrib. warping
Normalising flows
GAN generator nets
Non- and volume
preserving transforms
Functions
Discrete time

x
Machines that Imagine and Reason
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Deep Latent Gaussian Model

Latent Variable Models
z3

z

Latent variable models
f(z)

z2
z3

x

Introduce an unobserved
local random variables that
represents hidden causes.

z3 ⇠ N (0, I)
z2 |z3 ⇠ N (µ(z3 ), ⌃(z3 ))

x

z1 |z2 ⇠ N (µ(z2 ), ⌃(z2 ))
x|z1 ⇠ N (µ(z1 ), ⌃(z1 ))

Machines that Imagine and Reason
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Latent Variable Models
Properties
+
+
+
+
+
+
-

Easy sampling.
Easy way to include hierarchy and depth.
Easy to encode structure believed to generate the data
Avoids order dependency assumptions: marginalisation of latent
variables induces dependencies.
Latents provide compression and representation the data.
Scoring, model comparison and selection possible using the
marginalised likelihood.
Inversion process to determine latents corresponding to a input is
diﬃcult in general
Diﬃcult to compute marginalised likelihood requiring
approximations.
Not easy to specify rich approximations for latent posterior
distribution.
Conceptual Compression

Convolutional
DRAW
Machines that Imagine and Reason
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Model-space Visualisation
Latent variable models
Cascaded Indian
Buffet process
Hierarchical Dirichlet
process
Deep Nonparametric Discrete

Indian buffet process
Dirichlet process
mixture

Sigmoid Belief Net
Deep auto-regressive
networks (DARN)

Non-parametric
Deep

Discrete

Direct Nonparametric Discrete

Hidden Markov Model
Discrete LVM
Sparse LVMs

Linear Parametric Discrete

Deep Gaussian
processes
Recurrent Gaussian
Process
GP State space model
Deep Nonparametic Continuous

Continuous

Direct/
Linear
Parametric
PCA, factor analysis
Independent
components analysis
Gaussian LDS
Latent Gauss Field
Linear Parametric Continuous

Machines that Imagine and Reason

z

Deep Parametric Discrete

Gaussian process LVM

Nonlinear factor
analysis
Nonlinear Gaussian
belief network
Deep Latent Gaussian
(VAE, DRAW)
Deep Parametric Continuous

f(z)

x

Direct Nonparametric Continuous

36

Part III

Inference and
Learning
Principles and approximations
that can be used to drive learning
in diﬀerent types of models.
• Model evidence
• Two-sample testing

Inferential Problems
Common inference problems are:

Evidence Estimation

Moment Computation

Prediction

Hypothesis Testing

Machines that Imagine and Reason

p(x) =
E[f (z)|x] =
p(xt+1 ) =

Z

Z

Z

p(x, z)dz
f (z)p(z|x)dz
p(xt+1 |xt )p(xt )dxt

B = log p(x|H1 )

log p(x|H2 )

38

Bayesian Model Evidence
Model evidence (or marginal likelihood, partition function):
Integrating out any global and local variables enables
model scoring, comparison, selection, moment estimation,
normalisation, posterior computation and prediction.
We take steps to improve the model evidence
for given data samples.

z
f(z)

x

ODS

ling addresses the probhe expectation of a funcpect to a distribution p(z)
ficult to draw samples diamples {z (l) } are drawn
istribution q(z), and the
ms in the summation are
atios p(z (l) )/q(z (l) ).

p(z)

q(z)

Learning principle: Model Evidence

f (z)

p(x) =
z

exponential decrease of acceptance rate with dimensionality is a
f rejection sampling. Although rejection can be a useful technique
mensions it is unsuited to problems of high dimensionality. It can,
role as a subroutine in more sophisticated algorithms for sampling
nal spaces.

mportance sampling

Integral is intractable in general
and requires approximation.

rincipal reasons for wishing to sample from complicated probability
o be able to evaluate expectations of the form (11.1). The technique
ampling provides a framework for approximating expectations diot itself provide a mechanism for drawing samples from distribution

m approximation to the expectation, given by (11.2), depends on
Machines that Imagine and Reason
w samples from the distribution p(z). Suppose, however, that it is

Z

p(x, z)dz
Basic idea: Transform
the integral into an
expectation over a simple,
known distribution.
39

bncz)
diwn
he
re

Importance Sampling
p(z)

q(z)

f (z)

Integral problem

Proposal

Importance Weight

but often will write q(z)
for simplicity.

shing to sample from complicated probability
xpectations of the form (11.1). The technique
amework
for approximating expectations diConditions
hanism for drawing samples from distribution

p(x) =

q(z)
dz
p(x|z)p(z)
q(z)

p(x) =

Z

p(z)
q(z)dz
p(x|z)
q(z)

• q(z|x)>0, when f(z)p(z) ≠ 0.
the expectation, given by (11.2), depends on
• Easy
sample
from
distribution
p(z).toSuppose,
however,
thatq(z).
it is

z) but that we can evaluate p(z) easily for any
Machines
that Imagine
and Reason
tegy
for evaluating
expectations
would be to

w

Monte Carlo

p(x|z)p(z)dz

Z

z

e of acceptance rate with dimensionality is a
Although rejection can be a useful technique
Notation
d to problems
of high dimensionality. It can,
n more
sophisticated
algorithms
for sampling
Always
think
of q(z|x)

ing

p(x) =

Z

(s)

p(z)
=
q(z)

z (s) ⇠ q(z)

1 X (s)
p(x) =
w p(x|z(s) )
S s
40

Importance Sampling to Variational Inference
Integral problem

Proposal

Importance Weight

Jensen’s inequality
log

Z

p(x)g(x)dx

Z

p(x) log g(x)dx

Variational lower bound
Machines that Imagine and Reason

p(x) =
p(x) =

Z

Z

p(x|z)p(z)dz
q(z)
dz
p(x|z)p(z)
q(z)

Z

p(z)
q(z)dz
p(x) = p(x|z)
q(z)
◆
✓
Z
p(z)
dz
log p(x)
q(z) log p(x|z)
q(z)
Z
Z
q(z)
= q(z) log p(x|z)
q(z) log
p(z)

Eq(z) [log p(x|z)]

KL[q(z)kp(z)]
41

Variational Free Energy
F(x, q) = Eq(z) [log p(x|z)]
Approx. Posterior

Reconstruction

KL[q(z)kp(z)]
Penalty

Interpreting the bound:
• Approximate posterior distribution q(z|x): Best match to true posterior
p(z|x), one of the unknown inferential quantities of interest to us.
• Reconstruction cost: The expected log-likelihood measures how well
samples from q(z|x) are able to explain the data x.
• Penalty: Ensures that the explanation of the data q(z|x) doesn’t deviate
too far from your beliefs p(z). A mechanism for realising Ockham’s razor.
Machines that Imagine and Reason
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Other Families of Variational Bounds
Variational Free Energy

F(x, q) = Eq(z) [log p(x|z)]

KL[q(z)kp(z)]

Multi-sample Variational Objective

F(x, q) = Eq(z)

F(x, q) =

1
1

"

1 X p(z)
p(x|z)
log
S s q(z)

Renyi Variational
Objective
2

#

X p(z)
1
Eq(z) 4 log
p(x|z)
↵
S s q(z)

!1

↵

3
5

Other generalised families exist. Optimal solution is the same for all objectives.
Machines that Imagine and Reason
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Bayesian Two-sample Testing
For some models, we only have access to an
unnormalised probability or partial knowledge of
the distribution.

z
f(z)

x

x̃

x̂
Numerical Example

14

True
densities

Basic idea:
Transform density
ratio estimation into
class probability
estimation

We compare the
estimated distribution to the
true distribution using samples.

Kernel logistic regression
with Gaussian kernels

Ratiosp(x(1) )

Learning principle: Two-sample tests

p(x(2) )

p(x̂)
=1
p(x̃)

p(x̂) = p(x̃)

Interest is not in estimating the marginal probabilities, only in how they are related.
Machines that Imagine and Reason
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Bayesian Two-sample Testing
Combine data

{x1 , . . . , xN } = {x̂1 , . . . , x̂n̂ , x̃1 , . . . , x̃ñ }

Assign labels

{y1 , . . . , yN } = {+1, . . . , +1, 1, . . . , 1}

Equivalence

p(x̂) = p(x|y = +1)

Density Ratio

Conditional

p(x̂)
p(x̃)

p(x̃) = p(x|y =

x̃

x̂

1)

p(y|x)p(x)
p(x|y)
=
Bayes’
Rule
Numerical
Example
p(y)

14

True
densities

Kernel logistic regression
with Gaussian kernels

p(x̂)
p(x|y = 1)
=
p(x̃)
p(x|y = 1)

p(y = +1|x)

Bayes’ Subst.

p(y = 1|x)p(x)
p(y = 1)

p(y = +1|x)p(x)
=
p(y = +1)

Ratios

Class probability

p(y =

1|x)

p(x̂)
p(y = +1|x)
=
p(x̃)
p(y = 1|x)

Computing a density ratio is equivalent to class probability estimation.
Machines that Imagine and Reason
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Testing to Adversarial Learning
p(y = +1|x) = D✓ (x)

Scoring Function

log p(y|x) = log D✓ (x̂) + log(1

Bernoulli outcome
Two-sample criterion

p(y =

1|x) = 1

D✓ (x)

D✓ (x̃))

F(x, ✓) = Ep(xobs ) [log D✓ (xobs )] + Ep(xgen ) [log(1

D✓ (xgen ))]

Generative Adversarial Networks
F(x, ✓, ) = Ep(xobs ) [log D✓ (xobs )] + Ep(z) [log(1
z
f(z)

z ⇠ p(z)
xgen = f (z)

xxgen

Machines that Imagine and Reason

xobs

D✓ (f (z)))]

Alternating optimisation

min max F(x, ✓, )
✓

Instances of testing and inference:
• Two-sample density ratio estimation
• Importance estimation
• Noise-contrastive estimation
• Adversarial learning
46

Part IV

Tools for
Algorithm Building

Tools for constructing
scalable algorithms
• Amortised inference
• Stochastic optimisation

Variational EM
F(x, q) = Eq(z) [log p(x|z)]

KL[q(z)kp(z)]

Alternating optimisation for the variational
parameters and then model parameters (VEM).
Repeat:

/ r F(x, q)

E-step
M-step

✓ / r✓ F(x, q)

Var. params
Model params

log p(x)
KL[q||p⇤ ]

…

…

F(x, q)
Initialisation

t=1

Machines that Imagine and Reason
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Stochastic Approximation
F (x, q) = Eq(z) [log p(x|z)]

KL[q(z)kp(z)]

Optimise using a a stochastic gradient based on a mini-batch of data.
Many names: online EM, stochastic approximation EM, stochastic variational inference.

Repeat:
E-step (compute q) (Inference)
For i = 1, … N
n

/ r Eq

N is a mini-batch: sampled
with replacement from the full
data set or received online.

(z) [log p✓ (xn |zn )]

r KL[q(zn )kp(z)]

M-step (Parameter Learning)

1 X
✓/
Eq
N n

log p(x)

(z) [r✓ log p✓ (xn |zn )]

KL[q||p⇤ ]

…

F(x, q)
Initialisation

Machines that Imagine and Reason

…

t=1

Convergence
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Memoryless Inference
E-step does not reuse any previous computation.

Repeat:
E-step (compute q) (Inference)
For i = 1, … N
n

/ r Eq

Memoryless: Any inference
computations are discarded
after the M-step update

(z) [log p✓ (xn |zn )]

r KL[q(zn )kp(z)]

M-step (Parameter Learning)

1 X
✓/
Eq
N n

Machines that Imagine and Reason

(z) [r✓

log p✓ (xn |zn )]
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Amortised Inference
Repeat:
E-step (compute q)
For i = 1, … N
n

/ r Eq

(z) [log p✓ (xn |zn )]

r KL[q(zn )kp(z)]

Instead of solving for every
observation, amortise using a model.

M-step

1 X
✓/
Eq
N n

(z) [r✓

z ~ q(z | x)

log p✓ (xn |zn )]

• Inference network: q is an encoder, an inverse model,
recognition model.
• Parameters of q are now a set of global parameters used
for inference of all data points - test and train.
• Amortise (spread) the cost of inference over all data.
• Joint optimisation of variational and model parameters.

Inference networks provide an eﬃcient mechanism for
posterior inference with memory
Machines that Imagine and Reason

Inference
Network
q(z |x)

Data x
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Amortised Variational Inference
F(x, q) = Eq(z) [log p(x|z)]
Approx. Posterior

z

z ~ q(z | x)

Model
p(x |z)

Inference
Network
q(z |x)

KL[q(z)kp(z)]

Reconstruction

Penalty

Stochastic encoder-decoder system to
implement variational inference.
• Model (Decoder): likelihood p(x|z).
• Inference (Encoder): variational distribution q(z|x)

x ~ p(x | z)
Data x

• Transforms an auto-encoder into a generative model

Specific combination of variational inference in latent
variable models using inference networks
Variational Auto-encoder
But don’t forget what your model is, and what inference you use.
Machines that Imagine and Reason
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Minimum Description Length
F (x, q) = Eq(z) [log p(x|z)]
Stochastic encoder

KL[q(z)kp(z)]

Data code-length

Hypothesis code

Stochastic encoder-decoder systems implement amortised variational inference.
z

z ~ q(z | x)

Decoder
p(x |z)

Encoder
q(z |x)

Regularity in our data that can be explained with
latent variables, implies that the data is compressible.
Minimum Description Length (MDL):
Inference is a problem of Compression.
we must find the ideal shortest message of our
data x: marginal likelihood.
•
•
•

Must introduce an approximation to the ideal message.
Encoder: variational distribution q(z|x),
Decoder: likelihood p(x|z).

Machines that Imagine and Reason

x ~ p(x | z)
Data x
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Amortised Message Passing

Expectation Propagation

z

Factorised assumption
Y
p(z|D) =
fi (z)
i
Y
⇡
qi (z) = q(z)

qi

i

Memoryless inference: solve and update cavity distributions iteratively.
i \i

i \i

qi = arg min DKL [f q kq q ]
q2Q

Amortised inference: Use a model (trees, deep nets, basis functions).

Machines that Imagine and Reason

qi = h({q i }, D; ✓)
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Bayesian Dark Knowledge

Amortised Predictive Distributions
Posterior predictive distributions in Bayesian neural networks
Z
p(y ⇤ |x⇤ , X, Y ) = p(y ⇤ |x⇤ , W )p(W |X, Y )dW
Memoryless prediction: compute by Monte Carlo

W {s} ⇠ p(W |X, Y )

S
X
1
⇤ ⇤
q(y |x ) =
p(y ⇤ |x⇤ , W (s) )
S s=1

Amortised predictions:
distillation using a deep network.
⇤

⇤

⇤

p(y |x , X, Y ) = f (x , ✓)

x

W1

h2

W2

h1

W3

y
n = 1, …, N

Machines that Imagine and Reason
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Stochastic Optimisation
Common gradient problem

r Eq

(z) [f✓ (z)]

=r

Z

Two general approaches:
• Deterministic methods: use additional
bounds to simplify computation - local
variational methods.
• Stochastic methods: Compute the
expectation by Monte Carlo and exploit
properties of the distributions.

q (z)f✓ (z)dz

• Don’t know this
expectation in general.
• Gradient is of the
parameters of the
distribution w.r.t. which
the expectation is taken.

Typical problem areas:
• Generative models and inference
• Reinforcement learning and control
• Operations research and inventory
control
• Monte Carlo simulation
• Finance and asset pricing

1. Pathwise estimator: Diﬀerentiate the function f(z)
2. Score-function estimator: Diﬀerentiate the density q(z|x)

Machines that Imagine and Reason
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Stochastic Gradient Estimators
r Eq

(z) [f✓ (z)]

Pathwise Estimator

When easy to use transformation is
available and diﬀerentiable function f.

= Ep(✏) [r f✓ (g(✏, ))]

=r

Z

q (z)f✓ (z)dz
Score-function estimator

When function f non-diﬀerentiable and
q(z) is easy to sample from.

= Eq(z) [f✓ (z)r log q (z))]

z ⇠ p(z)
μ

r✓

x = µ + Rz

z ⇠ q (z)

z = g(✏, )

R

✏ ⇠ p(✏)

Other names:
Stochastic backpropagation
Perturbation analysis
Reparameterisation trick
Aﬃne-independent inference

Other names:
Likelihood ratio method
REINFORCE and policy gradients
Automated inference
Black-box inference

Doubly stochastic estimators
Machines that Imagine and Reason
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Part V

The Case of
Variational Autoencoders
Explore diﬀerent types of VAEs
• Discrete and continuous latents
• Static, sequential, volumetric.
• Diﬀerentiable and nondiﬀerentiable fns.

z

z ~ q(z | y)

Decoder
p(y |z)

Encoder
q(z |y)

y ~ p(y | z)
Data y

Variational Auto-encoders in General
Variational Auto-encoder (VAE)
Amortised variational inference for latent variable models

F(q) = Eq

(z) [log p✓ (x|z)]

Design choices
• Prior on the latent variable
- Continuous, Discrete, Gaussian,
Bernoulli, Mixture
• Likelihood function
- iid (static), sequential, temporal, spatial
• Approximating posterior
- distribution, sequential, spatial
For scalability and ease of implementation
• Stochastic gradient descent (and variants),
• stochastic gradient estimation
Machines that Imagine and Reason

KL[q (z|x)kp(z)]
z

z ~ q(z | x)

Model
p(x |z)

Inference
Network
q(z |x)

x ~ p(x | z)
Data x
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Implementing a Variational Algorithm
Variational inference turns integration
into optimisation: Automated Tools:
• Diﬀerentiation: Theano, Torch7,
TensorFlow, Stan.
• Message passing: infer.NET

Forward pass

Prior
p(z)
log p(z)

z H[q(z)]

Inference
q(z |x)

• Probabilistic models are modular,
can easily be combined.
Machines that Imagine and Reason

r✓

Model
p(x |z)
Data x

• Same code can run on both GPUs or
on distributed clusters.

r
Prior
p(z)

Model
p(x |z)

• Stochastic gradient descent and
other preconditioned optimisation.

Backward pass

Inference
q(z |x)

r

log p(x|z)

Ideally want probabilistic programming
using variational inference.
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Deep Latent Gaussian Model

Latent Gaussian VAE
Prior
p(z)

z H[q(z)]

p(z) = N (0, I)

log p(z)
Inference
q(z |x)

p✓ (x|z)

p
p(x|f✓ (z))
p
p
= N (µ✓ (z), ⌃✓ (z))

Model
p(x |z)
Data x

q

q

q (z|x) = N (µ (x), ⌃ (x))
log p(x|z)
F(x, q) = Eq(z) [log p(x|z)]

Machines that Imagine and Reason

KL[q(z)kp(z)]

All functions are deep networks.
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Latent Gaussian VAE
Oxygen/Swimmers

Moving Left

3 dimensional latent variable of MNIST
Latent space
disentangles
the input data.

4.7. Experiments and Results

Latent Factor Embedding
3

D

p(Y|θ)
< 0.01
0.01 - 0.2
0.2 - 0.4

2

Factor 2

Latent space and
likelihood bound
gives a visualisation
of importance.

R

1

0

−1

−2
−2

−1

0

1

2

3

Factor 1

Figure 4.7: Results for 2-factor bFA on the voting data using the piecewise
bound.
This figure
a plot of posterior means of factors. Each point
Machines that
Imagine
and shows
Reason
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VAE Representations

a1

a2

Representation

a3

a

R

Representations are useful for strategies such as episodic control.
Machines that Imagine and Reason
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Latent Gaussian VAE
Require flexible approximations for the types of posteriors we are likely to see.

Machines that Imagine and Reason
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Deep Auto-regressive Networks

Latent Binary VAE
Prior
p(z)

z H[q(z)]

p(zi |z<i ) = Y
Bern(zi |f (z<i ))
p(z) =

i

log p(z)
Inference
q(z |x)

p(x|z) =
p(x|z) =

Y
i

Y

Data x

log p(x|z)

Machines that Imagine and Reason

p(xi |x<i , z)

Bern(xi |f✓p (x<i , z))

i

Model
p(x |z)

p(zi |z<i )

q (z) =

Y

q (zi |z<i )

Yi
q
q (z) =
Bern(zi |f (z<i ))
i
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Latent Binary VAE
Deep AutoRegressive Networks

Samples from binarised Atari frames

4. Samples
from a locally connected DARN paired with the nearest trainMachines that Figure
Imagine
and Reason

Figure 5. Bottom: An input frame f
game Freeway. Lower Middle: Activ
66
the encoder from the first hidden layer

Analogies
Analogies
Semi-supervised VAE
Analogy-making
Analogy-making

Class Prior
p(y)

Prior
p(z)

log p(y)

log p(z)

Visual Analogies
Class
Inference
q(z |x)

Latent
Inference
q(y |x, z)

Model
p(x |z,y)
Data x

% Classification Error
(100 labels)

log p(x|z, y)

3.3
SS-VAE

2.12
VAT

1.06

0.96

0.92

Ladder
Net

Aux.
SS-VAE
67

SS-GAN

Machines that Imagine and Reason
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Sequential Latent Gaussian VAE
Prior
p(z)

z H[q(z)]

i

log p(z)

DRAW

p(z) =

Y

Inference
q(z |x)

p(zi |z<i )

p(x|f✓p (z))
p✓ (x|z) =

p
p
N (µ✓ (z), ⌃✓ (z))

Model
p(x |z)
Data x

q (z) =

Y
i

q (zi |z<i )

log p(x|z)

Machines that Imagine and Reason
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DRAW

Sequential Latent Gaussian VAE
Prior
p(z1)

Prior
p(z2)

State
h(z)

State
h(z)

Model
p(x |z)

log p(x|z)

Machines that Imagine and Reason

…

Prior
p(zT)

Inference
q(z1⎜x)

Inference
q(z2⎜x)

State
h(z)

State
s(x)

State
s(x)

Data x

Data x

Inference
q(zT⎜x)

…

State
s(x)

Data x

• LSTM or GRU networks for state modules
• Spatial attention in both the recognition and
generation phase using spatial transformers.
• Can remove inference model RNN and share
the generate model state.
• Can include additional canvas
69

DRAW

Sequential Latent Gaussian VAE

Machines that Imagine and Reason
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Sequential Latent Gaussian VAE

Machines that Imagine and Reason
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Structured Sequential VAEs
Prior

AIR - Attend-Infer-Repeat

)
) p(zcont
p(zwhat
) p(zwhere
1
1
1

…

Prior

Inference

Inference

p(zwhat
) p(zwhere
) p(zcont
)
T
T
T

q(zwhat
)
1

q(zwhere
)
1

q(zcont
)
1

State
s(x)

q(zwhat
)
T

…

q(zwhere
)
T

q(zcont
)
T

State
s(x)

Model
p(x |z)
Data x

Data x

log p(x|z)

p(zi ) =

where
cont
p(zwhat
)p(z
)p(z
)
i
i
i

q(z1:T |x) =
Machines that Imagine and Reason

Y
i

p
p(x|f✓ (z1 , . . . , zT ))

q(zi |f q (z<i , x))q(zcont
)
i
72

AIR - Attend-Infer-Repeat

Structured Sequential VAEs

Machines that Imagine and Reason
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Volumetric VAEs
Prior
p(z2)

Volumetric DRAW

Prior
p(z1)

State
h(z)

Prior
p(zT)

State
h(z)

State
h(z)

Inference
q(z1⎜x)

Inference
q(z2⎜x)

Inference
q(zT⎜x)

State
s(x)

State
s(x)

State
s(x)

Machines that Imagine and Reason

Model
p(x |z)

log p(x|z)

Model can be nondiﬀerentiable, like a
graphics engine.

• Extend to use volumetric
convolutions and canvas.
• 3D read/write attention using 3D
spatial transformers.
• Volume can represent colour
channels, volumes, time.
• Can use non-diﬀerentiable model
such as a renderer.
74

Volumetric DRAW

Volumetric VAEs

Machines that Imagine and Reason
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Macro-action Learning
Prior
p(z|x)
log p(z|x)

Action
Inference
q(a1..T|z)

STRAW

Action Prior
p(a1..T|z)
log p(a1..T|z)
Environment
or Model
p(R |a, x)

z -Inference
q(z |x)

Data x

p(z) = N (z|0, I)

p(a1...T |z) = Un (a)

p(R|a1...T ) / e⌫R(a,x)

q(z|x) = N (z|µ (x), ⌃ (x))

q(a|z) = Cat(a|⇡✓ (z))
log p(R|a, x)

Instance of a variational MDP

F ⇡ (✓) = Eq(a,z|x) [R(a|x)]
Machines that Imagine and Reason

↵KL[q✓ (z|x)kp(z|x)] + ↵H[⇡✓ (a|z)]
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# actions

Macro-action Learning

time

Machines that Imagine and Reason
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Part VI

Summary

Demonstrated Applications of Generative Models
Compression and
Communication

Environment
Simulation

3D Scene
Generation

One-shot
Generalisation
Macro-actions
and Planning

Auxiliary Deep Generative Models

Generative
Models

Semi-supervised
Classification

Density-based
Exploration

(a)
(d)
(b)
(c)
(a) True posterior of the prior p(z). (b) The approximation q (z|a)q (a) of the ADGM. (c) Prediction on the half-moon data
10 epochs with only 3 labeled data points (black) for each class. (d) PCA plot on the 1st and 2nd principal component of the
ding auxiliary latent space.

i-supervised learning on two half-moons

mplify the power of the ADGM for semied learning we have generated a 2D synthetic
consisting of two half-moons (top and bothere (xtop , ytop ) = (cos([0, ⇡]), sin([0, ⇡])) and
ybottom ) = (1 cos([0, ⇡]), 1 sin([0, ⇡]) 0.5),
ed Gaussian noise. The training set contains 1e4
divided into batches of 100 with 3 labeled data
each class and the test set contains 1e4 samples.
emi-supervised model will be able to learn the data
d for each of the half-moons and use this together
limited labeled information to build the classifier.

up2 , batch normalization and 1 Monte Carlo and IW sample
for training.

Visual Concept
Learning

GM converges close to 0% classification error in 10
cf. Fig. 2c), which is much faster than an equivdel without the auxiliary variable that converges
than 100 epochs. When investigating the auxiliary
we see that it finds a discriminating internal repreof the data manifold and thereby aids the classifier
2d).

erative log-likelihood performance

 log p(x)

VAE+NF, L=1 (R EZENDE AND M OHAMED , 2015)
IWAE, L=1, IW=1 (B URDA ET AL ., 2015)
IWAE, L=1, IW=50 (B URDA ET AL ., 2015)
IWAE, L=2, IW=1 (B URDA ET AL ., 2015)
IWAE, L=2, IW=50 (B URDA ET AL ., 2015)
VAE+VGP, L=2 (T RAN ET AL ., 2015)
LVAE, L=5, IW=1 (S ØNDERBY ET AL ., 2016)
LVAE, L=5, FT, IW=10 (S ØNDERBY ET AL ., 2016)

85.10
86.76
84.78
85.33
82.90
81.90
82.12
81.74

AUXILIARY VAE (AVAE), L=1, IW=1
AUXILIARY VAE (AVAE), L=2, IW=1

84.59
82.97

Representation
Learning

Table 1. Unsupervised test log-likelihood on permutation invariant MNIST for the normalizing flows VAE (VAE+NF), importance weighted auto-encoder (IWAE), variational Gaussian process VAE (VAE+VGP) and Ladder VAE (LVAE) with FT denoting the finetuning procedure from Sønderby et al. (2016), IW the
importance weighted samples during training, and L the number
of stochastic latent layers z1 , .., zL .

We evaluate the negative log-likelihood for the 1 and 2 lay-

ered AVAE.
We found that warm-up was crucial for activathatofImagine
Reason
uate Machines
the generative performance
the unsuper- and
tion of the auxiliary variables. Table 1 shows log-likelihood

Scene
Understanding

Missing Data
Imputation

79

Neg Log-likelihood
(nats)

Summary

137.6
106

Mixture of Factor
Bernoullis Analysis

91.3

Wake
Sleep

86.3

NADE

RBM

83.5

FC-VAE

80.5
ConvDRAW

HVI
-CVAE

79.2
Pixel
RNN

Under review as a conference paper at IC

z
f(z)

f(x)

f(z)

xj

Fully-observed
models

85

z

xi
xk

88.3

x

x

Transformation
models

Latent variable
models

Machines that Imagine and Reason
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Summary

DS

g addresses the probe expectation of a funcct to a distribution p(z)
cult to draw samples dimples {z (l) } are drawn
ribution q(z), and the
s in the summation are
os p(z (l) )/q(z (l) ).

p(z)

q(z)

Learning principle: Model Evidence

f (z)

p(x) =
z

Z

p(x, z)dz

xponential decrease of acceptance rate with dimensionality is a
rejection sampling. Although rejection can be a useful technique
ensions it is unsuited to problems of high dimensionality. It can,
le as a subroutine in more sophisticated algorithms for sampling
al spaces.

portance sampling

ncipal reasons for wishing to sample from complicated probability
be able to evaluate expectations of the form (11.1). The technique
mpling provides a framework for approximating expectations diitself provide a mechanism for drawing samples from distribution

x̃

x̂

m approximation to the expectation, given by (11.2), depends on
samples from the distribution p(z). Suppose, however, that it is
ple directly from p(z) but that we can evaluate p(z) easily for any
One simplistic strategy for evaluating expectations would be to
into a uniform grid and to evaluate the integrand as a sum of the
E[f ] ≃

L
!

p(z(l) )f (z(l) ).

Learning principle: Two-sample Tests

p(x̂)
=1
p(x̃)

p(x̂) = p(x̃)

(11.18)

l=1

m with this approach is that the number of terms in the summation
y with the dimensionality of z. Furthermore, as we have already
probability distributions of interest will often have much of their
elatively small regions of z space and so uniform sampling will be
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cause in high-dimensional problems, only a very small proportion
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Summary
Amortised Inference

Stochastic optimisation

z ~ q(z | x)

r Eq
Inference
Network
q(z |x)

(z) [f✓ (z)]

Pathwise Estimator

When easy to use transformation is
available and diﬀerentiable function f.

=r

Z

q (z)f✓ (z)dz

Score-function estimator

When function f non-diﬀerentiable and
q(z) is easy to sample from.

Families of VAEs
Prior
p(z1)

State
h(z)

Prior
p(z2)

State
h(z)
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Prior
p(zT)

State
h(z)

Inference
q(z1⎜x)

Inference
q(z2⎜x)

Inference
q(zT⎜x)

State
s(x)

State
s(x)

State
s(x)

Model
p(x |z)

log p(x|z)
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The Future of Generative Models
In the aid of supervised and
reward-based systems
Calibration, confidence intervals,
robustness and interpretability.

Complementary systems
and integrated agents
Richer scene understanding
Self-directed and curious agents
Conceptual reasoning
Integrated planning and
control systems
Machines that Imagine and Reason

Data-eﬃcient
learning systems
Make more eﬃcient
use of scarce data
Semi-parametric
Combining parametric and nonparametric models for scalable,
accurate, adaptive models
Scientific discovery
Exploratory analysis.
Synthesis and simulation: cosmic
phenomena, climate systems.
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